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KINEMATIC N-EXPANSIVE FLOWS
MANSEOB LEE, JUMI OH, AND JUNMI PARK
Abstract. In light of the rich results of expansiveness in the dy-
namics of diffeomorphisms, it is natural to consider another notions
of expansiveness such as countably-expansive, measure expansive,
N -expansive and so on. In this paper, we introduce the notion of
N -expansiveness for flows on a C∞ compact connected Riemannian
manifold by using the kinematic expansiveness which is extension
of the N -expansive diffeomorphisms. And we prove that a vector
field X on M is C1 robustly kinematic N -expansive then X sat-
isfies quasi-Anosov. Furthermore, we consider the hyperbolicity of
local dynamical systems with kinematic N -expansiveness.
1. Introduction
In the theory of dynamical systems, its main goal is the study of
the global orbit structure of flows (homeomorphisms, diffeomorphisms)
with emphasizing invariant properties. The notion of expansiveness for
a homeomorphism on a compact metric space X introduced by Utz
[17] is important in the qualitative study of dynamical systems.
A homeomorphism f : X → X is called expansive if there is δ > 0
such that for any distinct points x, y ∈ X there exists i ∈ Z such
that d(f i(x), f i(y)) > δ. A system is expansive if two orbits cannot
remain close to each other under the action of the system. So it is a
dynamical property that plays a key role in the study of the stability
of the dynamics.
After that, a variety of another expression for the expansiveness were
introduced by many mathematicians such as countably-expansive, mea-
sure expansive, N -expansive and so on. As pointed out by Morales [10],
he introduced a notion generalizing the usual concept of expansiveness
which are called N-expansive, measure expansive. In [3], Artigue et al
defined a notion of countably-expansiveness. Given x ∈ X and δ > 0,
we consider the set,
Γfδ (x) = {y ∈ X : d(f
i(x), f i(y)) ≤ δ for all i ∈ Z},
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it is called by the dynamical δ-ball of f centered at x ∈ X. We say that
f is expansive if there is δ > 0 such that Γfδ (x) = {x} for all x ∈ X,
f is countably-expansive if there is δ > 0 such that for all x ∈ X the
set Γfδ (x) is countable, and f is N-expansive if there is δ > 0 such that
Γfδ (x) has at most N elements.
Many results on dynamics for homeomorphisms (or diffeomorphisms)
can be extended to the case of vector fields. Bowen and Walters ([4])
extended expansiveness to flows. In [2], Artigue introduced the notion
of kinematic expansive for flows and he proved that every C1 robust
kinematic expansive vector field without singularities on a compact
connected smooth Riemannian manifold is quasi-Anosov.
In this paper, we consider a new notion which is combined kinematic
expansiveness and N-expansiveness for flows. And then we prove that
a vector field X on M is C1 robustly kinematic N -expansive then X
satisfies quasi-Anosov. Furthermore, we consider the hyperbolicity of
chain recurrent sets and homoclinic classes with kinematic N -expansive
property.
2. N-expansive flows
Let M be a C∞ compact connected Riemannian manifold, and let d
be the distance on M induced from a Riemannian metric ‖ · ‖ on the
tangent bundle TM. Denote by X1(M) the set of all C1 vector fields of
M endowed with the C1 topology. Then every X ∈ X1(M) generates a
C1 flow Xt : M × R → M , that is, a family of diffeomorphisms on M
such that Xs ◦Xt = Xs+t for all s, t ∈ R, X0 = 1d and dXt(x)/dt|t=0 =
X(x) for any x ∈M . Here Xt is called the integrated flow of X.
In this paper, for X, Y, . . . ∈ X1(M), we always denote the inte-
grated flows by Xt, Yt, . . ., respectively. For x ∈ M , let us denote the
orbit {Xt(x) : t ∈ R} of the flow Xt (or X) through x by OX(x) if
no confusion arise. We say that a point x ∈ M is a singularity of X if
X(x) = 0x; and an orbit OX(x) is periodic (or closed) if it is diffeomor-
phic to the unit circle S1.
A closed invariant set Λ is called hyperbolic for Xt if there are con-
stants C > 0, λ > 0 and a splitting TxM = E
s
x ⊕ 〈X(x)〉 ⊕E
u
x (x ∈ Λ)
such that the tangent flow DXt : TM → TM leaves invariant the
continuous splitting and
‖DXt|Esx‖ ≤ Ce
−λt and ‖DX−t|Eux‖ ≤ Ce
−λt
for x ∈ Λ and t > 0. We say that X ∈ X1(M) is Anosov if M is
hyperbolic for Xt.
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A point x ∈ M is called nonwandering if for any t1 > 0 and for any
neighborhood U of x, there is t ≥ t1 such that Xt(U) ∩ U 6= ∅. The
set of all nonwandering points of X is denoted by Ω(X), and the set of
periodic points of X is denoted by P(X). Clearly,
Sing(X) ∪ P(X) ⊂ Ω(X),
where Sing(X) denotes the set of singular points of X.
We say that X ∈ X1(M) satisfies Axiom A if P (X) is dense in
Ω(X) \ Sing(X) and Ω(X) is hyperbolic. If X satisfies Axiom A then
Ω(X) can be written as the finite disjoint union Ω(X) = Λ1 ∪ · · · ∪ Λl
of closed invariant sets Λi such that each X|Λi is transitive. Such a set
Λi is called a basic set of X . A collection of basic sets Λi1 , · · · ,Λik of
X is called a cycle if for each j = 1, 2, · · · , k, there exists aj ∈ Ω(X)
such that α(aj) ⊂ Λij and ω(aj) ⊂ Λij+1 (k + 1 ≡ 1). An Axiom A
X ∈ X1(M) is said to satisfy the no-cycle condition if there are no
cycles among the basic sets of X.
For any hyperbolic periodic point x of X , the sets
W s(x) ={y ∈M : d(Xt(x), Xt(y))→ 0 as t→∞} and
W u(x) ={y ∈M : d(Xt(x), Xt(y))→ 0 as t→ −∞}
are said to be the stable manifold and unstable manifold of x, respec-
tively. Let X ∈ X1(M) satisfy Axiom A. We say that X satisfies the
quasi-transversality condition if TxW
s(x) ∩ TxW
u(x) = {0
x
} for any
x ∈M .
Hereafter we assume that the exponential map expx : TxM(1) →
M is well defined for all x ∈ M, where TxM(r) denotes the r-ball
{v ∈ TxM : ‖v‖ ≤ r} in TxM. Let MX be the set of regular points
of X ∈ X1(M) ; i.e., MX = {x ∈ M : X(x) 6= 0x}. For any x ∈ MX ,
we let Nx = (SpanX(x))
⊥ ⊂ TxM and Πx,r = expx(Nx(r)), where
Nx(r) = Nx ∩ TxM(r) for 0 < r ≤ 1.
For any x ∈ MX and t ∈ R, we take a constant r > 0 and a C1
map τ : Πx,r → R such that τ(x) = t and Xτ(y)(y) ∈ ΠXt(x),1 for any
y ∈ Πx,r. Then the Poincare´ map fx,t : Πx,r0 → ΠXt(x),1 is given by
fx,t(y) = Xτ(y)(y) for y ∈ Πx,r0.
If Xt(x) 6= x for 0 < t ≤ t0 and r0 is sufficiently small, then (t, y) 7→
Xt(y) C
1 embeds {(t, y) ∈ R× Πx,r : 0 ≤ t ≤ τ(y)} for 0 < r ≤ r0. The
image {Xt(y) : y ∈ Πx,r and 0 ≤ t ≤ τ(y)} is denoted by Fx(Xt, r, t0).
For ǫ > 0, let Nǫ(Πx,r) be the set of diffeomorphisms ξ : Πx,r → Πx,r
such that supp(ξ) ⊂ Πx, r
2
and dC1(ξ, 1d) < ǫ. Here dC1 is the usual C
1
metric, 1d : Πx,r → Πx,r is the identity map, and supp(ξ) is the closure
of the set where it differs from 1d.
4 MANSEOB LEE, JUMI OH, AND JUNMI PARK
Let N =
⋃
x∈MX
Nx be the normal bundle based on MX . Then we
can introduce a flow (which is called a linear Poincare´ flow for X) on
N by
Ψt : N → N , Ψt|Nx = πNXt(x) ◦DxXt|Nx ,
where πNx : TxM → Nx is the natural projection along the direction of
X(x), and DxXt is the derivative map of Xt. Then we can see that
Ψt|Nx = Dxfx,t and fx,t ◦ expx = expXt(x) ◦Ψt.
We say that X ∈ X1(M) is quasi-Anosov if supt∈R||Ψt(v)|| < ∞ for
v ∈ N then v = 0.
We say that a flow Xt on M is expansive if for any ǫ > 0 there is
δ > 0 such that if x, y ∈ X satisfy d(Xt(x), Xh(t)(y)) ≤ δ for some
h ∈ H and all t ∈ R then y ∈ X[−ǫ,ǫ](x), where H denotes the set
of continuous maps h : R → R with h(0) = 0. Such a δ is called an
expansive constant of Xt.
For a flow Xt on M and all x ∈M, we denote by Γ
Xt
δ (x) the set
{y ∈M : ∃h ∈ H s.t. d(Xh(t)(y), Xt(x)) ≤ δ, ∀t ∈ R}.
Morales ([10]) introduced the notion of N -expansiveness for discrete
type. We extend the case to the continuous type using the notion of
kinematic expansive flows. So, we define the kinematic N -expansiveness
for flows.
Definition 2.1. We say that X ∈ X1(M) is kinematic N-expansive,
for given N ∈ N, if for any ǫ > 0 there exists δ > 0 such that
Γδ(x) = {y ∈M : d(Xt(x), Xt(y)) ≤ δ, ∀ t ∈ R}
then Γδ(x) has at most N -elements.
First of all, we can check that kinematic N -expansive flow is discon-
nected and it has no singularity as following lemmas.
Lemma 2.2. For N ∈ N, if X ∈ X1(M) is kinematic N-expansive
then it is totally disconnected.
Proof. Suppose that X is not totally disconnected. Take x, y ∈M. Let
I be a closed small arc with two end points x and y. For any δ > 0, the
length of I is less than δ, that is, l(I) ≤ δ. Let e = δ/2 be an expansive
constant. Then for any z ∈ I,
ΓXte (z) = {w ∈M : d(Xt(z), Xt(w)) ≤ e ∀t ∈ R}.
So, #ΓXte (z) > N. That is, X is not kinematic N -expansive. This con-
tradicts to complete the proof. 
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Remark 2.3. A flow Xt is totally disconnected, it means that for x ∈
M, each orbits of Xt(x) are separated apart. Therefore, if a flow Xt has
the kinematic N-expansive property then we can easily see that there
exist only countably many orbits in a δ-neighborhood of a flow Xt for
each x ∈M because Xt is totally disconnected.
Lemma 2.4. Let X ∈ X1(M). If X is kinematic N-expansive then
Sing(X) = ∅.
Proof. Suppose that there exists σ ∈ Sing(X) which is not isolated.
Take x ∈M, and let I be a closed small arc with two endpoints x and
σ. By Lemma 2.2, this is a contradiction. So, Sing(X) = ∅. 
A long-time goal in the theory of dynamical systems has been to
describe and characterize systems exhibiting dynamical properties that
are preserved under small perturbations. A fundamental problem in
recent years is to study the influence of a robust dynamic property
(that is, a property that holds for a given system and all C1 nearby
systems). In this context, it is important to consider the stability of
the system which has the expansiveness from the robust point of view
and one can find some results as follows.
Ma˜ne´ [8] proved that a robustly expansive diffeomorphism is quasi-
Anosov, and Moriyasu et. al. [12] proved the result for the flow case.
Also there is a result for the robustly N -expansive diffeomorphism, that
is, Lee [7] showed that for each n ∈ N, if a diffeomorphisms f belongs to
C1 interior of the set of N -expansive diffeomorphisms then f satisfies
quasi-Anosov.
However, there is no result of the N -expansiveness for flows yet.
Therefore, in this paper, we want to extend the result of [7] to the
flows using the property of robust kinematic N -expansiveness.
Let us prove this problem (Theorem 1), we first need following two
lemmas.
Lemma 2.5. Let X ∈ X1(M) have no singularities, p ∈ γ ∈ P (X)
(XT (p) = p), where γ is a periodic orbit of the flows and let f : Πp,r0 →
Πp be the Poincare´ map for some r0 > 0. Let U ⊂ X1(M) be a C1
neighborhood of X, and let 0 < r ≤ r0 be given. Then there are δ0 > 0
and 0 < ǫ0 <
r
2
such that for a linear isomorphism O : Np → Np with
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‖O −Dpf‖ < δ0, there is Y ∈ U satisfying
(i) Y (x) = X(x), if x /∈ Fp(Xt, r,
T
2
),
(ii) p ∈ γ ∈ P (Yt),
(iii) g(x) =
{
expp ◦ O ◦ exp−1p (x), if x ∈ B[p,
ǫ0
4
] ∩Πp,r
f(x), if x /∈ B[p, ǫ0] ∩ Πp,r,
where g : Πp,r → Πp is the Poincare´ map defined by Yt.
Proof. See Lemma 1.3 in [11]. 
Lemma 2.6. Let X ∈ X1(M) have no singularities. Suppose that
Xt(x) 6= x for 0 < t ≤ t0, and let f : Πx,r0 → Πx′ (x
′ = Xt0(x))
be the Poincare´ map (r0 > 0 is sufficiently small.) Then, for every C
1
neighborhood U ⊂ X1(M) of X and 0 < r ≤ r0, there is ǫ > 0 with the
property that for any ξ ∈ Nǫ(Πx,r), there exists Y ∈ U satisfying{
Y (y) = X(y), if y /∈ Fx(Xt, r, t0)
fY (y) = f ◦ ξ(y), if y ∈ Πx,r.
Here fY : Πx,r → Πx′ is the Poincare´ map defined by Yt.
Proof. See Remark 2 in [15]. 
We say that X ∈ X1(M) is C1 robustly kinematic N-expansive if
there is a C1 neighborhood U of X such that every Y ∈ U is N -
expansive. A vector field X ∈ X1(M) is called a star vector field (or
star flow), denoted by X ∈ X∗(M), if X has a C1-neighborhood U in
X
1(M) such that every singularity and every periodic orbit of Y ∈ U
is hyperbolic. In [5], let X∗(M) = X1(M) \ Sing(X), for X ∈ X∗(M) if
and only if X satisfies both Axiom A and no-cycle condition. Then we
have the following lemma.
Lemma 2.7. If a vector field X on M is C1 robustly kinematic N-
expansive then X ∈ X∗(M).
Proof. LetX be C1 robustly kinematic N -expansive. Suppose thatX /∈
X
∗(M). Then for a C1 neighborhood U of X, there are Y ∈ U and a
non-hyperbolic periodic point p of Y.
Let T > 0 be the period of p, and let f : Πp,r0 → Πp (for r0 > 0)
be the Poincare´ map of Yt at p. Since p is a non-hyperbolic fixed point
of f there exists an eigenvalue λ of Dpf with |λ| = 1. Let δ0 > 0 and
0 < ǫ0 < r0 be given by Lemma 2.5 for U and r0. Then for the linear
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isomorphism O : Np → Np, there exists Z ∈ U such that
Z(x) = Y (x), if x /∈ Fp(Yt, r0,
T
2
),
g(x) =
{
expp ◦ O ◦ exp
−1
p (x), if x ∈ B[p,
ǫ0
4
] ∩ Πp,r0
f(x) if x /∈ B[p, ǫ0] ∩ Πp,r0.
Here g is the Poincare´ map associated to Z. Since the eigenvalue λ of
Dpg is 1, we can take a non-zero-vector v associated to λ such that
‖v‖ ≤ ǫ0
4
and expp(v) ∈ B[p,
ǫ0
4
]. Then
g(expp(v)) = expp ◦Dpf ◦ exp
−1
p (expp(v)) = expp(v).
Put Iv = {ηv : 0 < η <
ǫ0
8
} and expp(Iv) = Ip. Then Ip is an invariant
small arc such that Ip ⊂ B[p, ǫ0] ∩ Πp,r0 and g(x) = x (x ∈ Ip). So
ZT (Ip) = Ip, where ZT is the time T -map of the flow Zt.
Since ZT is the identity on Ip, ZT is not N -expansive. In fact, there
exists δ > 0 such that
ΓZTδ (p) = {x ∈ Ip : d(ZT (x), ZT (p)) ≤ δ}
= {x ∈ Ip : d(x, p) ≤ δ}
Then we obtain that ∞ < #Ip < #Γ
ZT
δ (x0) for all x ∈ Ip. This means
that ZT is not kinematic N -expansive. This contradicts the fact that
Z ∈ U . 
Proposition 2.8. If a vector field X on M is C1 robustly kinematic
N-expansive then X satisfies Axiom A.
Proof. By the Lemma 2.7 and reference [5], we can show that easily. 
Lemma 2.9. If a vector field X on M is C1 robustly kinematic N-
expansive then X satisfies the quasi-transversality condition.
Proof. It is enough to show that if the flow Xt of X ∈ X1(M) is C1 ro-
bustly kinematic N -expansive then X satisfies the quasi-transversality
condition by applying Theorem ([12]) and Lemma 2.7. Suppose that X
does not satisfy the quasi-transversality condition. Then there exists
x ∈M such that
TxW
s(x) ∩ TxW
u(x) 6= {0x},
and so we have x /∈ Ω(Xt). Since X satisfies the Axiom A, there exists
a unique decomposition Ω(Xt) =
⋃
1≤i≤mΩi of Ω(Xt) by basic sets Ωi.
Then we get
M =
⋃
1≤i≤m
W s(Ωi) =
⋃
1≤i≤m
W u(Ωi).
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Since TxW
s(x) ∩ TxW u(x) 6= {0x}, with a small C1 perturbation of X
at x by Lemma 2.6, we can construct Y and an arc Lx centered at x
such that
Lx ⊂W s(y, Yt) ∩W u(z, Yt) and y, z ∈ Ω(Yt).
Finally we obtain Bδ1(x) = Bδ1(x) ∩ Lx > N, and so Γ
Yt1
δ (x) > N.
This implies that Yt1 is not kinematic N -expansive. The contradiction
completes the proof. 
It is easy to see that if X ∈ X1(M) has no singularities and satisfies
both Axiom A and the quasi-transversality condition, then X is quasi-
Anosov by definition. Then we have the following theorem.
Theorem 1. If a vector field X on M is C1 robustly kinematic N-
expansive then X satisfies quasi-Anosov.
And we can see the following corollary.
Corollary. If a vector field X on M is C1 robustly kinematic expansive
then X satisfies quasi-Anosov.
3. N-expansiveness for sub-dynamical systems
3.1. N-expansiveness for chain recurrent sets.
In this section, we consider the kinematic N -expansiveness of sub-
dynamical systems, such as chain recurrent sets and homoclinic classes.
First of all we shall describe some definitions.
Definition 3.1. Let Λ be a closed Xt-invariant set. We say that Λ is
C1 robustly kinematic N -expansive for X if there exist U of X and U
of Λ such that for every Y ∈ U ,
ΛY (U) =
⋂
t∈R
Yt(U)
is kinematic N -expansive for Y.
A sequence {(xi, ti) : xi ∈ M ; ti ≥ 1; a < i < b}(−∞ ≤ a < b ≤ ∞)
is called a δ-pseudo orbit if a δ-chain of Xt if for any a < i < b − 1,
d(Xti(xi), xi+1) < δ. A point x ∈ M is called chain recurrent if for
any δ > 0, there exists a δ-pseudo orbit {(xi, ti) : 0 ≤ i < n} with
n > 1 such that x0 = x and d(Xtn−1(xn−1), x) < δ. The set of all chain
recurrent points of Xt is called the chain recurrent set of Xt, denoted
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by CR(X). It is easy to see that this set is closed and Xt-invariant.
Theorem 2. The chain recurrent set CR(X) is C1 robustly kinematic
N-expansive if and only if CR(X) is Axiom A without cycles.
Proof. Let CR(X) = Λ, for convenience. First of all, if Λ is Axiom
A without cycles then it is expansive, also, satisfies kinematic N -
expansiveness. Now we prove that ”only” part.
We use the fact that X ∈ X∗(M) is equivalently Axiom A without
cycles by the results of [5]. It is enough to show that X ∈ X∗(M).
Suppose that X /∈ X∗(M). Then for a C1 neighborhood U of X, there
are Y ∈ U and a non-hyperbolic periodic point p of Y. As the proof of
Lemma 2.7, we construct an arc Ip which is invariant and periodic for
ZT .
Since Λ is C1 robustly kinematic N -expansive, there are V ∈ U and
U of Λ such that for any Z ∈ V, ΛZ(U) = ∩t∈RZt(U) is kinematic
N -expansive. Clearly, Ip ⊂ CR(Z) ⊂ ΛZ(U). So, ΛZ(U) does not sat-
isfy kinematic N -expansiveness which is a contradiction. Therefore, we
complete the proof. 
3.2. N-expansiveness for homoclinic classes.
Homoclinic classes are natural candidates to replace the Smale’s hy-
perbolic basic set in non-hyperbolic theory of dynamical systems. The
relationship of expansiveness and hyperbolicity of homoclinic classes
has been discussed in [13, 14, 16, 19]. So in this direction, we consider
the homoclinic classes with Kinematic N-expanisve property.
Let γ be a hyperbolic closed orbit γ, the sets
W s(γ) = {x ∈M : Xt(x)→ γ as t→∞} and
W u(γ) = {x ∈M : Xt(x)→ γ as t→ −∞}
are said to be the stable manifold and unstable manifold of γ, respec-
tively. We say that the dimension of the stable manifold W s(γ) of γ is
the index of γ, and denoted by ind(γ). The homoclinic class of Xt asso-
ciated γ, denoted by HX(γ), is defined as the closure of the transversal
intersection of the stable and unstable manifolds of γ, that is;
HX(γ) = W s(γ) ⋔ W u(γ),
where W s(γ) is the stable manifold of γ and W u(γ) is the unstable
manifold of γ.
For two hyperbolic closed orbits γ1 and γ2 of Xt, we say γ1 and γ2
are homoclinically related, denoted by γ1 ∼ γ2, ifW s(γ1) ⋔ W u(γ2) 6= ∅
and W s(γ2) ⋔ W
u(γ1) 6= ∅. When γ1 and γ2 are homoclinically related,
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their indices must be the same. By Smale’s Theorem, it is well known
that
HX(γ) = {γ′ : γ′ ∼ γ}.
Theorem 3. If the homoclinic class HX(γ) is C
1 robustly kinematic
N-expansive then HX(γ) is hyperbolic.
Before proving the Theorem 3, we will see that a homoclinic class of
kinematic N -expansive flow does not have singularities.
Lemma 3.2. Let γ be a hyperbolic closed orbit of Xt. If the homoclinic
class HX(γ) is kinematic N-expansive and σ ∈ HX(γ) ∩ Sing(X) then
σ is isolated.
Proof. Suppose that there exists σ ∈ Sing(HX(γ)) which is not isolated.
Let ǫ > 0 be given and δ > 0 be the corresponding number from the
definition of kinematic N -expansiveness. And let x ∈ HX(γ) such that
d(σ, x) < ǫ. We can take h(t) ≡ 0 then d(Xt(σ), Xh(t)(x)) = d(σ, x) < δ
and so, x ∈ {Xt(σ) : |t| < ǫ}. This means that there exists an arc
with two endpoints x and σ. By Lemma 2.2, this is a contradiction.
Therefore, every singular point of HX(γ) is isolated. 
Lemma 3.3. Let γ be a hyperbolic closed orbit of Xt. If the homoclinic
class HX(γ) is C
1 robustly kinematic N-expansive then for any η ∈
HX(γ) ∩ P(Xt) is hyperbolic.
Proof. Let HX(γ) = Λ. Suppose that η is not hyperbolic. Since Λ is
C1 robustly kinematic N -expansive, there exist U of X and U of Λ
such that for every Y ∈ U(X), ΛY (U) =
⋂
t∈R Yt(U) is kinematic N -
expansive. And there is a non-hyperbolic periodic point p ∈ η ∈ P (Yt)
(T > 0 is the period of p). By the proof of Lemma 2.7, we obtain an
arc Ip which is invariant and periodic for ZT .
Now we can set Np = E
c
p⊕E
s
p⊕E
u
p . Then there exists ǫ > 0 such that
exp(Ecp(ǫ/4)) = I ⊂ U. Since ZT is the identity on Ip, Ip ⊂ ΛZ(U) ⊂ U.
Then ∞ < #Ip. This means that ZT is not kinematic N -expansive.
This contradicts the fact that Z ∈ U . So we complete the proof. 
Lemma 3.4 (Kupka-Smale [9]). We say that a vector field X ∈ X1(M)
is Kupka-Smale if it satisfies the following properties :
(a) the critical elements of X (the singularities and closed orbits)
are hyperbolic,
(b) if σ1 and σ2 are critical elements of X then the invariant man-
ifolds W s(σ1) and W
u(σ2) are transversal.
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Lemma 3.5. Let γ be a hyperbolic closed orbit of Xt. If the homoclinic
class HX(γ) is C
1 robustly kinematic N-expansive then for any η ∈
HX(γ) ∩ P(X), ind η = ind γ.
Proof. Assume that ind η 6= ind γ. Then there exist p ∈ γ and q ∈
η such that d(p, q) < δ, where δ is the N -expansive constant. Since
HX(γ) be C
1 robustly kinematic N -expansive, W sǫ (p)∩W
u
ǫ (q) 6= ∅. By
the Kupka-Smale, W sǫ (p) ⋔ W
u
ǫ (q) 6= ∅ and ind η = ind γ. This is a
contradiction, so we complete the proof. 
Theorem 3.6. Let X ∈ X1(M). The homoclinic class HX(γ) is C
1
robustly kinematic N-expansive if and only if HX(γ) is hyperbolic.
Proof. We show that THX(γ)M = E⊕F satisfying E is contracting and
F is expanding. For convenience, let
• Λ = HX(γ),
• U be a C1 neighborhood of X ,
• U is a neighborhood of HX(γ) satisfying HX(γ) = ∩t∈RXt(U)
is N - expansive.
To prove that the bundle E is uniformly contracting, it is enough
to show that limt→∞ inf ‖DXt|Ex‖ = 0 for any x ∈ Λ. Suppose by
contradiction that there is x ∈ Λ such that
lim
t→∞
inf ‖DXt|Ex‖ > 0.
Then there is sn →∞ as n→∞ such that
lim
sn→∞
1
sn
log ‖DXsn|Ex‖ ≥ 0.
Let C0(Λ) be the set of real continuous functions defined on Λ with the
C0-topology, and define the sequence of continuous operators
Θn : C
0(Λ)→ R
ϕ 7→
1
sn
∫ sn
0
ϕ(Xs(x))ds.
There exists a convergent subsequence of Θn, which we still denote by
Θn, converging to a continuous map Θn : C
0(Λ)→ R.
LetM(Λ) be the space of measures with support on Λ. By the Riesz’s
Theorem, there exists µ ∈M(Λ) such that∫
Λ
ϕdµ = lim
sn→∞
1
sn
∫ sn
0
ϕ(Xs(x))ds = Θ(ϕ), (1)
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for every continuous map ϕ defined on Λ. It is clear that such µ is
invariant by the flow X. Define
ϕX : C
0(Λ) −→ R by
ϕX(p) = ∂l(log‖Dφl|Ep‖)l=0 = lim
l→0
1
l
log‖DXl|Ep‖.
This map is continuous, and so it satisfies (1). On the other hand, for
any T ∈ R,
1
T
∫ T
0
ϕX(Xs(p))ds =
1
T
∫ T
0
∂l(log‖DXl|EXx(p)‖)l=0ds =
1
T
log‖DXT |Ep‖.
(2)
So we have ∫
Λ
ϕXdµ ≥ 0. (3)
By the Birkhoff Ergodic Theorem, we have that∫
Λ
ϕXdµ =
∫
Λ
lim
T→∞
1
T
∫ T
0
ϕX(Xs(y))dsdµ(y).
Let ΣX be the set of strongly closed points. Since µ is invariant and
Supp(µ) = Λ,
µ(Λ ∩ (Sing(Λ ∪ ΣX))) = 1.
So, µ(Λ ∩ ΣX) > 0.
By the ergodic decomposition for invariant measures, we can suppose
that µ is ergodic. Hence µ(Λ∩ΣX) = 1. Now we obtain that there exists
y ∈ Λ ∩ ΣX such that
lim
T→∞
1
T
∫ T
0
ϕX(Xs(y))ds ≥ 0. (4)
Since y ∈ ΣX there are δn → 0 as n → ∞, ψn ∈ U and pn ∈
Perψn(Λψn(U)) with period tn such that
‖ψn −X‖ < δn and dist(ψ
n
s (pn), φs(y)) < δn for 0 ≤ s ≤ tn,
where ψns is the flow induced by ψ
n. Observe that tn →∞ as n→∞.
Otherwise if y ∈ Per(X)∩Λ and ty is the period of y, (2) and (4) imply
that DXty |Ey expands. Let γ > 0 be arbitrarily small. By (4), there is
Tγ such that for t ≥ Tγ
1
t
∫ t
0
ϕX(Xs(y))ds ≥ γ. (5)
KINEMATIC N-EXPANSIVE FLOWS 13
Since tn →∞ as n→∞ we can assume that tn > Tγ for every n. The
continuity of the splitting E⊕F over TΛM with the flow together with
(5) given, for n big enough, that
1
tn
log‖Dψntn |Eψnpn
‖ ≥ γ.
Thus
‖Dψntn |Eψnpn
‖ ≥ eγtn .
Taking n sufficiently large and γ < 0 sufficiently small, this last in-
equality contradicts. This completes the proof that E is a uniformly
contracting bundle. 
End of the Proof of Theorem 3. By Theorem 3.6, we complete the
proof.
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